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Based on Kummer’s 2-variable functional equations for the second through fifth 
orders of the polylogarithm function, certain linear combinations, with rational 
coefftcients. of polylogarithms of powers of an algebraic base were discovered to 
possess significant mathematical properties. These combinations are designated 
“ladders,” and it is here proved that the ladder structure is invariant with order 
when the order is decreased from its permissible maximum value for the 
corresponding ladder. In view of Wechsung’s demonstration that the functions of 
sixth and higher orders possess no functional equations of Kummer’s type, this 
analytical proof is currently limited to a maximum of the tifth order. The invariance 
property does not necessarily persist in reverse-increasing the order need not 
produce a valid ladder with rational coetlicients. Nevertheless, quite a number of 
low-order ladders do lend themselves to such extension, with the needed additional 
rational coefftcients being determined by numerical computation. With sufficient 
accuracy there is never any doubt as to the rational character of the numbers ensu- 
ing from this process. This method of extrapolation to higher orders has led to 
many quite new results: although at this time completely lacking any analytical 
proof. Even more astonishing, in view of Wechsung’s theorem mentioned above, is 
the fact that in some cases the ladders can be validly extended beyond the fifth 
order. This has led to the first-ever results for polylogarithms of order six through 
nine. A meticulous attention to the finer points in the formulas was necessary to 
achieve these results; and a number of conjectural rules for extrapolating ladders in 
this way has emerged from this study. Although it is known that the polylogarithm 
does not possess any relations of a polynomial character with rational coefficients 
between the different orders, such relations do exist for some of the ladder struc- 
tures. A number of examples are given, together with a representative sample of lad- 
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ders of both the analytical and numerically-veritied types. The significance of these 
new and striking results is not clear, but they strongly suggest that polylogarithmic 
functional equations, of a more far-reaching character than those currently known, 
await discovery; probably up to at least the ninth order. ‘D 1985 Academc Press, Inc. 
Conrents. 1. Introduction. 2. The dilogarithmic ladder structure. 3. The 
generalization of the ladder structure to the higher orders. 4. The non-algebraic 
character of the polylogarithm. 5. Functional equations. 6. Permissible base 
equations. 7. Invariance of the ladder structure with decreasing order. 8. Some 
specific ladder structures for low orders. 9. Polylogarithmic ladders for orders n < 3. 
10. Polylogarithmic ladders for orders n < 4. I I. Polylogarithmic ladders for orders 
n < 5. 12. Polylogarithmic ladders for orders n > 5. 13. Polynomial relations for 
Iadders. 14. Conclusions. 
1. INTRODUCTION 
The polylogarithm of order n is defined by 
Li,(z) = f zr/r”, IZI < 1. 
r=l 
(1) 
For n = 1 the series can be summed, and it is convenient to extend the 
notation to include 
Lit(z)= -log(l -z), Li,(z)=z/(l -z). (21 
Equation (2), together with the relation 
Li,(z) = I Li,- ,(z) dz/z 
s (3) 
extends the definition to the exterior of the unit circle. We shall here restrict 
the study to n integral and z a real number with 0 6 z < 1. 
There are two functional equations of a single variable satisfied by all the 
Li,, and known respectively as the duplication and inversion relations [ 11: 
2' -“LiJz’) = Li,(z) + Li,( -z) (4) 
Li,,(-z)+(-l)“Li,,(-l/z)= -~+2’~‘10g~-2’rLi?.(-l), (5) 
,=, (n-2r)! 
For the lower-order functions, functional equations of a more general 
character exist. For n Q 3 there are functional equations with several 
variables [23. Two-variable equations for n = 2 and 3 were first found by 
Spence [3], but for n = 2 the formula is usually attributed to Abel [4] and 
for n = 3 to Kummer [S]. Kummer also found two-variable relations for 
n = 4 and 5, whilst Wechsung [6] recently proved that no equations of 
Kummer’s type exist for n 2 6. 
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Clearly Li,( 1) = c(n) and, f rom (4), Z&(-l)= -(l-2l-“)c(n). These 
were, until now, the only known numerical values for n > 5, and are, in any 
case, still the only analytical results known to date. Numerical com- 
putations, recounted for the first time here, extend some special results to 
n = 6, 7, 8, and 9. The method depends for its success on a meticulous 
extrapolation of certain known results for lower values of n; and the 
exposure of the structure latent in these formulas is a prime object of the 
present study. For n < 5 innumerable numerical relations can be found 
from Kummer’s functional equations, by giving the variables selected 
values. Almost all of such results, however, are trivial and uninteresting, 
and the absence of any such formulas known for n > 5 is probably due to 
the non-existence of the corresponding functional equations for the sixth 
and higher orders. Whether functional equations exist of a different charac- 
ter from Kummer’s or whether there are other analytical routes to 
numerical results, is not currently known, The numerically based 
extrapolations given here, through IZ = 9, strongly suggest that there are 
such alternative routes awaiting discovery. For the special case of the 
dilogarithm, n = 2, several alternative routes do exist, however, and there 
are now many new analytical results that do not seem accessible directly 
from Abel’s functional equation [7]. Some of these have been numerically 
extended, by the methods of this study, to higher orders. Thus we are con- 
fronted by two categories of results: those accessible directly from the 
functional equations, and therefore limited to 1 6 n < 5; and those of the 
“inaccessible” kind, not so limited, but restricted nonetheless by the 
dynamics of the extrapolation process. 
2. THE DILOGARITHMIC LADDER STRUCTURE 
In [8] it was shown that certain combinations of dilogarithms involving 
powers of an algebraic base u constituted a significant mathematical struc- 
ture, and the matter was considered in greater depth in a follow-up study 
[7] where certain definitions and notations were elaborated. For the 
dilogarithm a first-degree ladder is defined by 
L2(N,u)=~-{+k4r+A,,n2+A10g2u}. (6) 
rlN r 
The index N is usually composite, and the powers r run through the 
divisors of N (including unity but excluding N). The algebraic base u is a 
solution of a given polynomial equation with rational coefficients, and the 
A,, r > 0, together with the coefficient A, are rational numbers determined 
implicitly by the coefficients in the equation for the base. The equation 
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L,(N, U) = 0 then determines A0 numerically, and provides a relation link- 
ing dilogarithms of various powers of the base. In general, A,, as thus 
determined, is irrational and the resulting equation of little interest; but 
there is an important subset for which A, turns out to be rational, and 
when this is the case it has been observed that, without exception, the base 
u satisfies, in addition to its defining equation, a further equation of 
“cyclotomic” form: 
This can be written down from the ladder by simple inspection. In [7] a 
proof of this result was given subject to the ladder being accessible (in the 
sense just discussed) from Abel’s equation. 
For some bases there may be further cyclotomic equations, 
corresponding to several permissible indices N. In these cases, each 
additional cyclotomic equation is associated with a corresponding ladder 
whose structure can be inferred by inspection from the equation, except for 
the coefficient &, which is seen to be absent from (7). The value of A, can 
then be found by calculation, either analytical or numerical, by requiring 
that the ladder equal zero. In some such cases, the resulting A, turns out to 
be rational. When it does not, it has always been found, to date, that there 
are simple linear rational combinations of ladders leading to a deter- 
mination of a rational multiple of IC* for the constant occurring in these 
relations. This led to the concept of a second-degree ladder defined by 
Lk2’(N, u)= f C,,L,(M, u)=C,7c2 (8) 
M=l 
with Co rational, and the C,,,, rational and, in practice, forming an 
extremely sparse set. The first-degree ladder can be considered as the 
degenerate form when CM = 0, A4 # N. These coefficients C,, unlike the A r 
in (6) are not determinable by inspection from the cyclotomic equations. 
In [S] a large number of ladders was found analytically for a variety of 
algebraic bases. Most of these ladders were first-degree ladders, as here 
defined, but no distinction was made at the time between first-degree lad- 
ders and certain other combinations of powers which are here being 
designated second-degree ladders. The distinction is not trivial, since the 
cyclotomic equations corresponding to the first-degree ladders seem to 
have the distinguishing property that their factors are restricted solely to 
powers which are divisors of N-hence the definitions (6) and (7). Just why 
the factors should be restricted in this way is not clear. Should some excep- 
tions eventually surface, the distinction between first- and second-degree 
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ladders can still be validly made: the powers of r, instead of running 
through the divisors of N, would run through the powers occurring in the 
factors appearing in the cyclotomic equation. And in the case where, for a 
given base, only a single cyclotomic equation exists, the ladder is then quite 
definite and unambiguous. When there are several cyclotomic equations, 
they can clearly be multiplied together in an arbitrary way, corresponding 
to an arbitrary linear combination of first-degree ladders, and, at the level 
of the dilogarithm, there seems no rule for preferring one combination to 
another, apart from apparent simplicity. If one index is a factor of another, 
for example, the case of indices 6 and 18, then a ladder of index 6 added to 
one of index 18, although a second-degree ladder as defined here, can also 
be presented as an alternative form of a first-degree ladder of index 18. It is 
only when these results are generalized to the higher-order polylogarithms 
that, in some cases, preferred combinations begin to appear. It was this 
emergence of “preference rules” that enabled the earlier-mentioned 
extrapolations to n = 9 to be made. 
The generalization of dilogarithmic ladders to higher-order 
polylogarithms is the main object of the present study. To the extent that 
the method relies on the form of Kummer’s two-variable functional 
equations, all the analytical results found are necessarily of “accessible” 
character, and are therefore limited to n < 5. 
3. THE GENERALIZATION OF THE LADDER STRUCTURE TO HIGHER ORDERS 
It needs to be emphasized that u in (6) is not a variable but a quite 
definite algebraic numeric. In no sense can that equation be validly “dif- 
ferentiated’ with respect to U. However, as was remarked in [7], if, 
nevertheless, the expression were treated as if u were variable, the relation 
resulting from such a differentiation, 
L,(N, u) = Idi, - 
1 
c Li,(U’) A, + 2A log 24 
I 
= 0, (9) 
f-IN 
is nothing but the cyclotomic equation (7) in logarithmic form. If it were 
possible to integrate (9) with respect to log U, (7) would be recovered with 
A, playing the role of an integration constant. Of course, these operations 
cannot be actually performed because u is not a variable and the produc- 
tion of (9) in this way is suggestive only, not a proof. The only sense that 
can be made from these observations is that they point to a structure which 
can then be examined in its own right, and assessed for validity. As a mat- 
ter of fact, this structure, both for the cyclotomic equation (7Ethe 
equivalent of (9)-and also for the higher-order ladders, was first dis- 
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covered empirically by accumulating a considerable number of analytical 
results and examining them for systematic patterns. So consistent was the 
emerging pattern that, when apparent exceptions were encountered, there 
was enough confidence in the correctness of the structure to presume that 
errors of some kind had been made. These were subsequently always found; 
sometimes slips in the derivations, sometimes traceable back to the original 
equations. (Errors found in this way in expressions of [l] are: Eqs. (7.93), 
(7.98), and (7.99); 9n2/4 should be 37c2/4; Eq. (7.100), x2 should be rc2/4; 
and several others.) 
Irrespective of how the structure was first found, we can now choose to 
define, for the nth order polylogarithm, the first-degree ladder 
where the A,, for the base u, are precisely the same as in (6) for the 
dilogarithm, D, = 2A, D, = 6A,; and the remaining D, are certain rational 
numbers which can be determined either analytically or sequentially by 
increasing n in unit steps from n = 2 and requiring either that the ladder 
vanish for each n, or, if the ladder is one of those for which the second- 
degree ladder of (8) applies, that 
log” - mu 
Lk2’W> u)= f C,L,(M +, D,i(m)(n=O, (11) 
M=l 
where the C, are the same C, as in (8). (In the latter case it is usually 
convenient to remove the D, terms from the definition of the ladder and to 
show them explicitly as in (1 l), since there may be no unique way of 
allocating them to the individual ladders. In some cases, however, when 
second-degree ladders are being synthesized, these terms come with the lad- 
ders and it is then convenient to retain them there. There is therefore a 
small amount of looseness in the definition of the second-degree ladder to 
accomodate the convenience of either showing these logarithmic terms 
explicity or retaining them in the first-degree ladder forms. In practice, no 
confusion need arise from this source.) 
What is remarkable about (10) and (11) is that the same coefficients A, 
and C, appear independent of the order of the polylogarithm. What we 
shall demonstrate is that, if a ladder of the form (10) or (11) is zero for any 
n < 5 it will also be zero for all lower values of n down to n = 1. That this 
can be accomplished with the same set of rational numbers D,, indepen- 
dent of the order, is far from obvious and was first observed empirically. 
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An analytical proof, dealing with the transcendental (polylogarithmic) part 
of the formula, is given in Section 7 for ladders accessible from Kummer’s 
functional equations. Unfortunately the method is unable to handle the 
logarithmic terms in (10) or (11) and their form remains speculative, 
though no exceptions have been found in the many examples examined. 
Note that the demonstration permits one to proceed by decreasing n 
from its highest available value (not necessarily 5). There is no claim that 
the process will always work in reverse, and the determination of the D,, 
as earlier described, by increasing n in unit steps has na guarantee of 
resulting in rational D,. Sometimes the process works. Sometimes there is 
(apparently) no result to be attained. Sometimes one has to “side-step” 
from a first-degree ladder to a whole sequence of second-degree ladders 
with little or no guidance as to the appropriate coefftcients C,. It is one 
such sequence that has enabled the process to be extended through to 
n = 9, as will be described in Section 12. Other such sequences may well 
exist, but their construction is not likely to be easy. 
4. THE NON-ALGEBRAIC CHARACTER OF THE POLYLOGARITHM 
As far as can be surmised, the polylogarithm of any algebraic base is 
irrational, and almost certainly transcendental. Chudnovsky [9, lo] has 
given a proof of the irrationality of the dilogarithm for rational bases less 
than $. Apery’s recent proof [ 111 of the irrationality of Li,( 1) = c(3) is the 
only such result published to date, for any base, for n > 2. 
There are, however, just three results for the dilogarithm, and two for the 
trilogarithm, for which the polylogarithm of a base other than If: 1 can be 
expressed directly in terms of i(n) and powers of simple logarithm, with 
rational coefticients. All other results, including those for n > 3, are con- 
tained in those ladder structures for which all the coefficients can be deter- 
mined to be rational. These ladder results therefore can be seen as the 
natural generalization, for other bases and to higher orders, of the ver 
special results long since known for n = 2 and 3 and bases f and t( / 
few 
5 - 1). 
Although the polyiogarithms themselves are transcendental, one can ask 
if there are any algebraic relations between them. Eastham [12] showed 
that there are no linear relations with algebraic coefficients, whilst Bom- 
bieri [13] showed that if 4 is an element of a number field K, then no 
polynomial relations of polylogarithms of 5, with coefficients in K, exist if t 
lies between certain determinable upper and lower bounds within the inter- 
val (0, 1). One suspects that this would be so even if 5 lay outside these 
bounds. However, for < = +l the even-order polylogarithms can be 
expressed as a power of rc2 with rational coefficients, so that elimination of 
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rc2 gives rise to such relations as [ 133 7 [C2( - 1 )I2 = 10 Li,( - 1) Li,( - 1) 
and many others; but these formulas are almost trivial. 
Although there may be no polynomial relations between polylogarithms 
of a given base, there do exist such relations between the transcendental 
parts of related ladders of different orders; this aspect is taken up briefly in 
Section 13. Since, as far as is known, the i(n) for n odd are algebraically 
unrelated to each other and to powers of rc, there results from this a sort of 
“decoupling” of odd-order ladders both from each other and from the even 
orders. It is only if two or more related results exist, enabling the c(n) term 
to be eliminated between them, that this hiatus can be overcome and a 
bridge created between consecutive orders. This valuable clue is utilized 
later in extending some results to and beyond n = 5. 
5. FUNCTIONAL EQUATIONS 
The functional properties for polylogarithms of order 2 and 3 have some 
characteristics in common. Both possess equations with several variables 
[2]; but the method of derivation breaks down for n > 3, so presumably 
the fourth and fifth orders do not possess such multivariable equations. 
The other main shared characteristic is that the combination of variables in 
Kummer’s form of the 2-variable functional equations can be put in terms 
of powers of the three quantities x, y, and (1 - x)/( 1 - y). For n = 4 and 5 
the corresponding equations involve (1 - x) and ( 1 - y) in other com- 
binations than solely their ratio. This feature has an important impact on 
the permissible base equations giving rise to accessible results from the 
functional equations. To see how this comes about, it is first necessary to 
assemble the four 2-variable functional equations. The first is a modified 
form of Abel’s equation for the dilogarithm; and all are due to Kummer 
who investigated a related function /i,,(z) defined by 
/i,(z) = j; log,n;‘rlzI dz. (12) 
(In this equation the modulus sign is merely a device to ensure real values 
when z is negative+omplex z is not contemplated in this definition.) The 
relation to the polylogarithm is found by repeated integrations by parts of 
(3) and gives 
n-1 (-l)“-r+l 
Li,(z) = .?, 
(-l)“/i,(-Z) 
(n _ r)! W-‘(z) -k(z) + (n-l)! . (13) 
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From Kummer’s functional equation for A, we can thus deduce a 
corresponding relation for Li,. According to (13) these will all involve 
lower-order polylogarithms multiplied by various logarithmic powers. It is 
a straightforward but rather tedious matter to verify that in fact all these 
lower order polylogarithmic terms vanish identically. Accordingly, to every 
formula for /i, there is a closely similar equation for Li,. Apart from the 
change of sign of the arguments, only the surviving terms in isolated 
powers of logarithms differ between the two relations. 
For the record, these equations follow. The two independent variables 
are x and y, and we shall here use Kummer’s abbreviations of‘writing 5 for 
(1 -x) and q for (1 - y). For n = 2, 3,4, and 5 the functional equations are 
(a) n=2. 
Li~($)=Li~(~)+Li~($!)+Li~(~)+Li~(~)+~log2y. (14) 
(b) n=3. 
Li, xrl2 
( 1 
--7 
YC 
+ Li,(xy) + Li,(x/y) = 2Li, ($)+2Li,(y) 
+ 2Li, ($ +2Li3 (3) + 2Li,(x) + ZLi,(y) - 2[(3) 
+ log2y log rj - 21(2) logy - flog3 y. (15) 
(c) n=4. 
Lid(*)+Lid(+)+Li,($$+Li,($) 
= 6Li,(xy) + 6L1, (2)+6Li,(y)+6Lid(T) rul 
+ 3Li,(xv]) + 3Li,(yt) + 3Li, (f)+3Lid(f)+3Li,(y) 
+ 3Li, (+)+3L&(g) 
- 6Li,(x) - 6Li4( y) - 6Li4( -x/5) 
- 6Li,( -y/q) + ilog* 5 log’q, (16) 
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(d) n=5. 
Li,(~)+Li,(~)+Li,(~)+Li,($)+Li,(~) 
+Li5(z)+LiS(*)+LiS(z)+LiS($) 
= 9Li,(xy) + 9Li5 
0 
: + 9Li,(xq) + 9Li, (y)+9Li5(y) 
+9Li5(y)+9Li5(s) 
+ 9Li, (7) +9Li, ($) +9Li, (f$ 
+ 9Li5 
( ) 
z + 9Lidt.Y) + 9Li,([q) + 9Li5( -[y/q) + 9Li,(y/[) 
+ 9Li, (:)+9Li,($)+9Li,(f)--l*Li,(T)-18Li,(x) 
- 18Li,(<) - 18Li,(y) - 18Li,(q)- 18Li,( -y/q) + 18((S) + 18[(4) log 5 
+ 3~2) 102 5 i0gwd + 310g2 5 id v 10g(Y3/4) 
+ &log4 < log( l2y’/x5). (17) 
Equation (17) for Li5 has apparently not been published before. Its 
derivation from Kummer’s formula for /i, was an extremely tedious and 
lengthy algebraic exercise, but apparently there is no more direct way to 
produce it. As mentioned previously, it can be verified that all the lower 
order polylogarithmic terms vanish identically, though there seems to be 
no known basic reason why this should be so. The accumulated 
logarithmic terms in (17) have been double-checked, and bear no obvious 
relation to the corresponding logarithmic terms in Kummer’s /1, formula. 
It may also be noted that only the equation for Li, involves c(3), which is 
absent from the equations for Li, and Li,. This is related to the 
“decoupling” discussed in the previous section: the Li3 equations derivable 
from (16) by differentiation involve combinations of Li, formulas contain- 
ing no net ((3) term. 
6. PERMISSIBLE BASE EQUATIONS 
The base satisfies a given polynomial equation with rational coefficients. 
For a valid ladder to exist there must also be a compatible cyclotomic 
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equation; i.e., by manipulation of the given base equation an alternative 
equation in cyclotomic form must also exist. This puts an extremely severe 
limitation on possible algebraic bases. For example, as far as is known, the 
only rational bases possessing cyclotomic equations are 1 and +. As shown 
in [S] there are two cubic equations giving rise to bases which are 
trigonometric functions of 7r/7 and n/9, due respectively to Watson and 
Loxton, for which the dilogarithm possesses valid ladders. There is also an 
eleven-term base equation obtainable from a dilogarithmic functional 
equation with four independent variables. 
Apart from these, the only base equations known to give accessihfe 
results are obtained by putting x = *zP, y = up y, (1 -x)/( 1 - y) = uq in 
(14). Elimination of x and v results in the pair of base equations 
u”+U~+zP=l (18a) 
UP+U~-um= 1. (18b) 
With m, p, and q chosen integers, (18) determines algebraic bases U; and 
(14) and (15) for Li, and Li, then give rise to ladder structures for these 
bases. In some cases, different sets of integers (m, p, q) determine the same 
base, and in this event several different ladder structures ensue. Many 
examples are given in the reference, for the dilogarithm, and there are 
corresponding formulas likewise obtainable for the trilogarithm, and of 
which a few are presented here in later sections. 
Equation (18), with only three terms, is quite restrictive. The eleven-term 
equation referred to earlier for Liz does not appear to be capable of 
generalization to the trilogarithm, so for that function (18) represents the 
only known accessible bases. The situation is even more limited for n = 4 
and 5 because the (1 -x) and (1 -v) factors, the r and ye in (16) and (17), 
do not occur solely in the ratio ( 1 - x)/( 1 - y), so that the process leading 
to (18) cannot be carried out. The only general base equation that has so 
far been successfully used for these higher orders is the two-term relation 
ti+uY= 1 (19) 
with p and q specified integers. By taking x = up, 4 = (1 -x) = 1 - up = uy, 
and y equal to either x, (1 - x), or -x/( 1 - x), ladder structures for Lid 
and Li, can be obtained. This method can give, at most, two structures for 
Li, and one only for Li5, since, for the latter, the functional equation rings 
all the possible changes on combinations of x, (1 - x), y, and (1 - y). The 
sole exception is for the quantity o introduced in [S], and which satisfies 
(19) with the two distinct sets (p, q) = (2, 3) and (1, 5). Three distinct lad- 
ders for Li, ensue in this special case. There are apparently no other 
integer-pair sets giving the same base in the above manner. A number of 
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representative ladders obtained in this way are discussed in subsequent sec- 
tions. 
There are some “inaccessible” bases for the dilogarithm discussed in [7]. 
The family of equations 
u*-ppu+ 1 =o, 2<p,< 10, (20) 
gives rise to 8 different bases of which a few are covered by (18) and the 
rest can be shown to give dilogarithmic ladders by constructing the 
cyclotomic equations, deducing the corresponding ladder via (6) and (7), 
and calculating the A, term numerically. Simple rationals ensue, and the 
results can be generalized to the trilogarithm by calculating the rational 
multiple of c(3) needed for the ladder to vanish. However, the presence of 
only single results containing ((3) prevents the extension to II = 4 since, as 
already described, that equation cannot contain l(3). An exception is for 
p = 4, for which the base is (2 - fi), and for which two cyclotomic 
equations can be constructed. In this case the c(3) term can be eliminated. 
This is a necessary, though not always sufficient, condition to generate a 
fourth-order ladder; and in the present instance the process proves suc- 
cessful to n = 4 but not to n = 5. A further family of equations is 
u*+qu- I =o, 1 <q<d, (21) 
which gives valid ladders for the dilogarithm but apparently not for the 
trilogarithm. There are also a number of dilogarithmic relations, discussed 
in [8], coming from cuts in the complex plane, but the method has not yet 
been extended to the higher order functions. 
The only results to date for n > 6 come from extrapolating known lad- 
ders beyond n = 5. This requires at least two ladders for n = 5 so that the 
C(5) term can be eliminated-this on the unproven assumption that any 
result for n = 6 will not contain such a term. The case p = 1, q = 2 of (19) 
leads to the base p = f(fi - 1) and the ladders generated and verified 
numerically are discussed in Section 12. 
All the known accessible and inaccessible bases are covered by the base 
equations discussed in this section. 
7. INVARIANCE OF THE LADDER STRUCTURE WITH DECREASING ORDER 
Equations (10) and (11) define first-and second-degree ladders for Li,, 
and it was stated in Section 2 that with this definition the structures 
remained invariant with order in the sense that, if a ladder is zero for a 
value of n < 5, then it will also be zero for lower orders down to n = 1. 
However, in reverse, it is not necessarily the case that if the ladder is zero 
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for a certain value of n it can be made zero (with rational coefftcients only) 
for larger n. Extrapolation to larger n may be possible, and for the base 
p=&/Z-1) t ex ension to n = 9 has now been demonstrated. 
An analytic proof of this ladder-invariance property with decreasing 
order, so far as the transcendental part is concerned, stems from the obser- 
vation that in going from a functional equation for A, to one for Li,, lower 
order polylogarithms are accumulated via (13); corresponding to a term 
Li,(z) there will also be a term in log+‘(z) L&(z). If z is a power of a base, 
say z = up, then corresponding to a term Li,(up) there will also occur a 
term log”P’(uP) Li,(u’) = P”- ’ log”-‘u[Li,(u’)/P’-‘1. Accordingly, the 
ladder generated for Li,, involving terms of the form Li,(d’)/P” - ’ will be 
repeated exactly in structure for Li,, 2 < r < n. But there are no surviving 
terms in Li, in the formula for Li,, as (15) to (17) explicitly show. Hence 
the lower order ladders cannot appear. Apart from the allocation of the 
logarithmic terms to them, and which empirically follows the scheme in 
(lo), this means that lower order ladders, of identical structure to the 
higher order one, must also vanish. This was first observed empirically in a 
substantial number of cases, and no exceptions were found in either the 
transcendental or the logarithmic parts. In some cases of second-degree 
ladders, however, it was found that the coefficients D, appearing in (11) 
could not be uniquely allocated to the constituent first-degree ladders, and 
they were therefore left isolated as shown in that equation. 
Of course, the above proof holds only for the accessible bases. It is an 
unproven conjecture that it is true in all cases, though no exceptions are 
known. 
It should be pointed out that in applying this theorem, most of the 
higher order ladders are of the second-degree form as in (11). The lower 
order derived ladders will therefore be of the same structure. However, 
lower order results of simpler structure, in many cases first-degree ladders, 
will also usually exist. These will be consistent with the derived structures, 
which will be rational linear sums thereof, but cannot be found from them 
by “disentangling,” since the dismemberment process cannot be carried out 
in a unique way. 
8. SOME SPECIFIC LADDER STRUCTURES FOR Low ORDERS 
As already discussed, the powers appearing in the first-degree ladders are 
constrained to be the divisors of the index or, more generally, the powers 
appearing in the corresponding cyclotomic equation, The coefficients A, in 
these ladders are determined implicidv by the defining base equation. An 
explicit formula for the A, has been found in only a few cases, however. 
The difficulty seems to be related to knowing in advance whether or not a 
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particular integer is a divisor of the index and therefore whether it should 
be included or excluded from the ladder. The following examples are based 
on the premise that since any integer m is necessarily prime to m + 1, an 
index which is a small multiple of m + 1 will not normally have m as a fac- 
tor. The starting equations are the single-variable functional equations for 
Li, and Li, 
Li,(x)+Li,(l -X)=~(2)-log,Klog(1 -X) (22) 
Liz(x) + Li, 2 = - $log*( 1 -x) 
( .I 
Li,(.u) + Li,( 1 -x) + Li, 
( ) 
2 = C(3) + l(2) log( 1 -x) 
- $og’( 1 -x) log 
X3 
( ) 
- 
1-X . (24) 
(i) Let a base u be determined by 
v *+‘+u= 1. (25) 
If x=u*+‘, then 1 -x= u, -x/(1 -x) = --IF, and (22) and (23) can be 
expressed as a pair of ladders of indices 2m and m + 1. Both sets appear in 
(24) and after a little manipulation one is led to define: 
L,(m+ 1, u)= 
Li,,( Urn + ’ ) 
(m+ l)nP’- 
Li,,(u) + C(2) log’-*u 2 log? -- --- - 
m+l m+l(n-2)! n! (26) 
Li,( u2m) 
L,(2m, u) = 1 
(2m)“- 
Li,(u”) - 
i 
.-i+ 
Li,(u) c(2) 1ogMP2u + 2m + 1 log? 
m m I m (n-2)! m n! ’ 
(27) 
These satisfy the second-degree ladder 
log” -- 3u 
Lr’(2m, u) = m2L,(2m, u) + (m + 1)’ L,(m + 1, u) - c(3) (n = 0, 
ldnd3, (28) 
although the first-degree ladders in (26) and (27) are each individually zero 
for 1 <n < 2, as discussed at the end of Section 7. 
(ii) Let a base u be determined by 
u~+up+‘= 1. (29) 
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Then if x=zP+l we have 1 -x=up, -x/(1-x)= -U, and (22) and (23) 
lead to defining 
UP, u) 7 Li,(up) 1 1 = - 
P 
i Li,(u2) -‘-; - lw”u 
p 2”- 
Li,(u)+--- l(2) 1or2u 
p (n-2)! 
(p + 2) 
n! 1 
(30) 
These satisfy the second-degree ladder 
L~2’(P+l,u)=(P+1)2L,(P+1,u)+P2L,(P,u)- (n-3)! 
i(3w%-3u=o 
, 
1 <n<3. (32) 
Again, the first-order ladders are each individually zero when 1 6 n 6 2. 
Neither (28) nor (32) can be directly extrapolated to n > 3 because of the 
presence of the term in C(3). A special case of (30) and (31) ensues when p 
in (29) is 1; and of (30) when p is 2. The bases in these cases are p and UI 
respectively, and pairs of terms in the ladders carry the same power, and 
can be made to merge. A simple ad hoc change of the equation is then 
needed to accommodate this feature. 
A number of representative examples for different numerical bases 
follow, illustrating various features. They fall into groupings: (1) n < 3, (2) 
n d 4, (3) n 6 5, and (4) n > 5. They include both accessible and inaccessible 
(numerically verified) results. We shall use here the same notation of lower 
case Greek letters for certain specific bases, as utilized in [8], and certain 
upper case Roman letters as utilized in [7]. The rather extensive results for 
the base w  will be the subject of a separate study, and are not included here 
except for one special case in the grouping n 6 3. 
9. POLYLOGARITHMIC LADDERS FOR ORDERS n63 
9.1. Accessible ladders. All of the results reported here are obtainable 
from (14) and (15), using (18) or (19) for the base. They are limited, so far 
as is known, to n < 3; and two such results for the base 8 are reported, for 
convenience, along with all the other results for 0, in Section 11. 
(i) The base 6 = 4 satisfies (18a) with m = 1, p = q = 2. The early 
results of Euler and Landen are both contained in 
POLYLOGARITHM 229 
L,(l,@=Li,(C?)- -7 
i 
log”6 I [(2)log”-26 7 
2 (n-2)!+itt31 
log”,- 26 
- 
(n-3)! I 
=o. (33) 
A second ladder of index 6 is discussed in Section 
(ii) The base E=+ (this is the s2 of [8]) 
m =p = q = 1. The cyclotomic equation satisfied is 
and the corresponding ladder is 
11. 
satisfies (18a) with 
(1-E2)=(1 -&)3&-i 
= 0. (34) 
(iii) The base r= tan(a/8)=& 1 satisfies (18a) with m=2, 
p = q = 1. The cyclotomic equation is 
(l-s4)2=(1-*2)St-1 (35) 
and the corresponding ladder is 
-$+&!&(3)~}=(). (36) 
This can also be presented as a formula for rz = t2 = 3 - 2 4 which 
satisfies (20) with p = 6. The resulting ladder of index 2 is 
(37) 
(iv) The base p = +(d - 1) = 2 cos(27c/5) was first examined by Lan- 
den [14] and extensive results for higher orders and indices are discussed 
in Section 12. There is one limited result which in fact expresses the second 
and third order polylogarithms directly in terms of known constants and 
logarithms. It can be put in the form 
=O. (38) 
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(v) The base i is the real root of the cubic [’ + 2{- 1 = 0. There are 
three known cyclotomic equations: 
l-[2=(1-<)3{-2 Wa) 
(1-~4)4=(1-p)5(1-~)< * Wb) 
(1-<6)6=(1-[3)‘2(1-[*)(1-[)3[P4. (39c) 
The corresponding ladders are 
(40a 
(4()b 
L 
n 
(6 1 1 - = 
3 
() Lin(i”)- 
6” 
~+~2”-‘+p,(i)----- 2Li,(i3) Li,,(<“) C(2) log” ‘i 
3”- 3 (n-2)! 
2 log”i 
$37 . i 
(4Oc) 
Of these, (40a) is the only apparent exception encountered to date in which 
a ladder constructed from a cyclotomic equation seemingly plays no role. 
The ladders in (40b), (40~) are each individually zero when n = 1 and 2. 
For n = 3 a second-degree ladder is formed, and for 1 d n ,< 3 we have 
log” ~ 31 
L!?(6>i)=9L,(6,i)-8L,(4,<)= -;~(3)~. 
(vi) The base (T is the real root of o3 + CJ* + ~7 = 1 and satisfies at least 
four cyclotomic equations 
1 -a*=(l-a)*c- 2 (‘t&i) 
1 -r?=(l -a)o-’ (42b) 
(1-cJ4)2=(l-(T~)(1-17)%-4 (42~) 
(l-a*)*=(1-~4)‘3(1-.*)5!*(1-.)~‘.-’. (42d) 
The corresponding ladders are 
(43a) L,(2,,)=~-{2Li,,(,)+2~} n. 
-Wcr3) 
Ln(3,a)=3”1- 
i 
log”0 
uz(~) +n! 
I 
(43b) 
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l(2) log”-25 I l(3) log-35 --~ 
32 (n-2)! 64 (n (43d) 
A relevant second-degree ladder stemming from these structures is 
((2) 10gn-%r 
Lj,2’(3, a) = 3L,(3, a) - L,(2, a) +-p 
2 (n-2)! 
and for 1 dn<2 we have 
L’2’(3 a)=0 n ) 
L,,(4, 0) = 0. 
A further relevant second-degree ladder is 
(45a) 
(45b) 
C(3) logn-35 
LF’(4, c7) = L,(4, IT) - Lj1’(3, 0) + - ~ 
4 (n-3)! 
and for 1 dn<3 we have 
Ly’( 4, a) = 0 (47a) 
L,(8, a) = 0. (47b) 
All of these results are obtainable from (14), (15), (18) and (19) by 
straightforward substitution and rearrangement. 
9.2. Inaccessible ladders. In [7], three new results for the dilogarithm 
were obtained for the solutions of the base equation (20) with the 
parameter p equal to 5, 8, and 10. These have been extended to n = 3 by 
extrapolation of the formulas to higher order, and the determination of the 
numerics, in this case the coefficients of c(3), by computer evaluation to 12 
significant figures. In every case the numeric was an easily recognized 
rational, and the results are: 
(i) P= (5 - ,,&)/2. 
Li3(P6) ~- 
62 
3Li3(P3)+ Li,(P*) 
32 
----7Li,(P)-T 
22 
+ 31(2) log P 
1 
= $(3). (48) 
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(ii) Q=4-Ji?. 
(49) 
(iii) R = 5 - 2$. 
+ 5 Li3(R2) 23 ~-~~i,(R)~!$!Z$! 
22 
+1(2)logR =;[(3). 
I 
(50) 
(iv) The remaining base discussed in this section is the real root of 
the equation w3 + o2 - 1 = 0. Results for this base will be treated exten- 
sively in a forthcoming paper, but one particular formula comes from 
extending to n = 3 an apparently inaccessible equation for index 42, first 
discussed in [7]. 
A direct extension does not work (in the sense that the required coef- 
ficient of ((3) is irrational) and it is necessary to create a second-degree 
ladder. There is virtually nothing to guide the choice of the coefficients C, 
in (11) apart from the fact that they seem to involve M”- ’ as a factor. This 
helps somewhat-the rest is a guess as to which ladders to include. In the 
present instance a ladder of index 3 turns out to be sufficient, and the com- 
puter-confirmed result is 
L\‘)(42, co) = 422L,(42, w) + 48.3*L,(3, co) = 87lJ3) (51) 
where 
Li&JP) 
~,(42,0) = 42’ - 
Li3(co21) 
212+ 
Li3(w7) + 2 Li3(06) 
72 2 6 
5 9 
-G-jT+- Li3(03) 7 
0 
-- log3 ! l(2) 21 logo I 
and 
This can, of course, be presented as a first-degree ladder since 3 is a factor 
of 42: but there is probably more to be gained by retaining the structure 
exhibited in (51). 
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10. POLYLOGARITHMIC LADDERS FOR ORDERS n< 4 
10.1. Accessible ladders. Most of the accessible ladders valid at n = 4 
carry through to larger n and are treated in the next two sections. The 
currently known one, stopping at n = 4, is an index 6 ladder for the base 
p=-$(&- 1). For 1 <n<4 we have 
LLW) 
L(6, P)=~- 
2Li,(p3) + L Li,(p*) 1 
3”-’ 12 2”- 1-p,(P) 
3 1og”p l(2) logflP2p 5 
+;n!--- 
log” -4p 
12 (n-2)! +gi(4) (n-4)! 
(52) 
10.2. Inaccessible ladders. The base x = tan(n/l2) = 2 - J? satisfies 
(20) with p = 4; corresponding to the cyclotomic equation 
1-x4=(1-x*)(1-x)4xP1 (53) 
there is obtained the ladder, 
Li,(x4) 
L(4, x) =4”-1- 
i 
Li,(x*) 
F+ 4Wx) + 9$+(2)%}. (54) 
For 16 n < 3 we then have 
(55) 
This formula, as it happens, can be found analytically from (14) and (15) 
by taking x = U, y = -U, (1 - u)/( 1 + U) = iu. The arguments involve powers 
of iu* = 1 and the results above follow. Not so, however, for the further 
cyclotomic equation 
1 -x6=(1 -x3)(1 -x2)3(1 -$5x. (56) 
As discussed in [S], a dilogarithmic ladder corresponding to this can be 
found analytically but the method, involving a cut in the complex plane, 
does not apply to n = 3. However, the ladder can be extrapolated and the 
constant evaluated numerically. The ensuing ladder is 
&(x6) 
LA67 x)=~- 
LUx3) W(x*) 
3”-‘+2”-‘- 1%” x 54(x) - 7 
(57) 
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For 16~263 we then find 
log” ~ 3x 
L(6, ~)=~[(3)- 
(n-3)! 
(58) 
with the coefficient g found by computation. 
In this, as in other calculations, the numeric is evaluated to at least 11 
decimal places, and although we may lack an analytical proof at the 
present time, there can be no doubt that formulas like (58), obtained in 
this way, are correct. Neither (55) nor (58) can be individually extended 
beyond n = 3 because they both contain i(3), which is conjectured to 
always be absent from a Li, equation. However, by combining these two 
equations in the ratio 10 to 9, we obtain 
lOL,(4, x) + 9L,,(6, x) = 0, 1 dnd3. (59) 
An attempt can now be made to extend this to II = 4 by seeking a simple 
rational multiple of i(4) = n4/90. The resulting equation is found to be 
lOL,(4, x)+9&,(6, ~)=$‘(4)= (60) 
valid for 1 6 II ,< 4. This formula apparently does not extend beyond n = 4. 
11. POLYLOGARITHMIC LADDERS FOR ORDER n< 5 
Both sets of results discussed here were determined analytically. There 
are many others coming from ( 19). 
(i) The base S=$ was introduced in Section 9.1 and led to (33). 
1 < n 6 3, for a ladder of index 1. The same equations give an index 6 lad- 
der valid to n = 5. Because of the presence of i(5) it cannot be further 
extended. For 1 <n d 5 we have 
Li,( S6) Li,(a3) 
3”-1+ 
2Li,(6’) 4 5 log”6 l(2) log” ‘6 
6”‘- ~-9Lz,(6)+9.,--- 2”- 9 (n-2)! 
5 1% n-4cY 403 - - 
+211(4)(n-4)!+12961(5)(n-5)! (61) 
No other results for this base are currently known. 
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(ii) (a) Inaccessible Formulas for n = 2 and 3, base 8. The base 8 is 
the real solution of e3 + 0 = 1, the case p = 3, q = 1 of (19). Working with 
(14) for the dilogarithm, the ladders discussed in [S] can be generated; 
they are of indices 3, 4, 6, 10, 14, and 18. Corresponding to these are six 
cyclotomic equations which can be easily formed either by inspection of the 
ladders, or by manipulating the base equation. The latter method also 
yields at least one further equation (there may be more) that is apparently 
inaccessible via (14). It can be put in the form 
1-824=(1--‘2)(1-~8)2(1-~6)-1. (62) 
Before trying to generate a dilogarithmic ladder from this (it does not 
give one directly) it is necessary to note that the equation 1 - 8 = O3 does 
nof give an equation for G,(8) in terms of c(2) and log2 8, so that any 
further factor in (62) of the form (1 - 0)n0-3n, though leaving (62) 
algebraically unaltered, does affect the structure of any resulting ladder. 
Hence there are two unknown rationals, n and A,, to be sought; leading to 
the (inaccessible?) ladder, with n = - t, A, = 4. 
((63) 
The way of extending this to n = 3 is not immediately obvious. The 
dilogarithm from (22) and (23), has a ladder involving 8 and e3, and 
another involving 8 and -8’. However, the trilogarithm combines these as 
in (23), so that no valid trilogarithmic ladder connecting e3 and 8 only is 
to be expected. One can be generated, however, in a formal sense, by 
extending the dilogarithmic structure; 
L(3,O)=-;i- - 
Li3(Q3) + Li,( e) + 2 log% 1 
3 
--$(2) log 8. 
3! (64) 
This will not, of itself, equal a rational multiple of c(3). However, if added 
to the third-order extension of (63), in unknown rational proportion, a 
rational multiple of c(3) can be sought for the resulting second-degree lad- 
der. The shortcoming of this method rapidly shows when it becomes 
apparent that quite large numbers can be involved. In the present case the 
following ladder has been found: 
242L3(24, 8) - 44.32L3(3, 0) = -20113) (65) 
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where L,(3, 0) is given by (53), and, via (63), 
Li3(e12) 2Li3(e8) Lij(e6) 1 L,(24, e)=~-{T+~-~--li,(e) 
3 log36 f 
-,,,+;woge I 
. . (66) 
It is not currently known if this can be extended still further. 
(b) Accessible formulas. Ladders of indices 3, 4, 6, 10, 14, and 18 
can all be found from (14) to (17), using (18) and (19) for the base. 
However, the index 14 comes from the derived 3-term equation 
0’ - o2 - 0 + 1 = 0 which gives a valid ladder for n d 3 only. These con- 
siderations lead to the generation of the following first-degree ladders: 
Li,(03) 2Li (0’) 2 . 
L,(6, e)=$+$)-{y+++-~l~(e~+mk?@ n n 3 3 (n-3)! 
-32) l%“-*e loge ~ - 
(n-2)!+6 n! (67~) 
(67e) 
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Li,(0’*) 
Lz(18, Q=v- 
Li,(B’) L&(P) 2 Li,(03) Li,(02) 
g”-I+6”-‘+53”‘+2”-’ 
(6-W 
For 1 < n 6 2 all of these ladders are individually zero. For 1 <n 6 3, null 
second-degree ladders can be formed; and for larger n various com- 
binations of these in their turn can be constructed. To avoid repetition, all 
of the lower order ladders constituting a higher order ladder are 
individually zero, but as we proceed to higher orders it is only the higher 
order groupings that are universally zero. The number of ladder com- 
binations constructed in this way decreases as the order increases, leaving 
but one known combination for n = 5. There is a certain arbitrariness at 
the lower end, but if, for example, we always include (67a), then the third- 
order ladders ensuing are 
LP’(4 e) = 4L3(4 , e) + 9L,(3 e) = 0 5 
Li”(6: 8)=3L,(6, Q)+ l&(3, e)=O 
(684 
(68b) 
~y( 10, e) = 25~,( 10, e) + 39~,(3, e) = 0 (68c) 
,Q2’( 14,e) = 98L,( 14,e) + 123LJ3,e) = 0 (68d) 
Lp’( 18, 0) = 27L,( 18, 0) + 77L,(3, 0) = 0 We) 
L$*‘(24, f3) = 16&(24,6) - 1 lL,(3,@ = - $[(3). (680 
Equation (68f) is (65) re-presented here for completeness-the c(3) shows 
explicitly because &(24, 0) was defined without a ((3) term. 
Of these formulas, (b), (e), and (f) can be written as first-degree ladders 
of indices 6, 18, and 24 respectively, and it is somewhat arbitrary whether 
or not to do so. There is, however, a prescription for an index-18 ladder 
involving only powers of 8, = e3, leading to an index-6 ladder for 8,. 
Instead of (68e) we get the somewhat simpler 
where 
6~,(6, e,) + ~~(3, e) = 0 (69) 
Lj3Ce3 
&(6,e,) = 7- Li3(e:) 3 Li3(@) 5 . - 
32 +2 2* 
--p,v3,)+&3) 
(70) 
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From the functional equation (14) for Lid two independent results are 
obtainable. They can be expressed in the form 
243L,( 18,0) - 25OL,( 10, 0) + 72L,(6,0) - 1 12L4(4, 0) + 315L,(3, t9) = 0 
(7la) 
125L,(lO, 0) - {63L,(6, 0) + 16L,(4,@ + 72L,(3,0) + $(4)} =O. (71b) 
There is an alternative form to these equations obtained from the struc- 
tures exhibited in (68). If we denote by L, (2) the structure that comes from 
increasing the order from 3 to 4 in the second-degree ladders of (68) then 
(71) becomes 
La’( 18, 0) = 243L:*'( 18, 0) - lOLh”( 10, 0) 
+ 24La’(6 2 e)- 28L&?'(4 , e)= 0 Wa) 
~p(io, e)= s~y(10, e)- 
+ 4~~94. e)+i t(4) =o. 
I 
(72b) 
The notation Li3) is here used to indicate the presence of a linear com- 
bination of second-degree ladders in a form which exhibits their structure 
explicity, rather than implicitly as in (71). Finally, for n = 5 there is 
obtained the single formula 
729L,(18,8)- 625L5( lo,@+ 153L,(6,8) 
-352L,(4,0)+873L,(3,8)-~~(4)1og8+(5)=0. (73) 
Again we can define Li3’ as the extensions from n = 4 to 5 of the La) struc- 
tures appearing in (72) (note that c(4) becomes l(4) loge), and rewrite 
(73) in the form 
Lk4’( 18, 0) = 3Lk3’( 18, 0) + Li3’( 10, 0) - 3[(5) = 0. (74) 
This is as far as the analysis has been taken.’ The combinations appearing 
in (73), involving numbers like 873, could not be guessed at or found easily 
by numerical computation. A further fifth-order ladder would be needed to 
cancel the l(5) in (74) before investigating the possibility of a sixth-order 
ladder, which at the present time could be sought only by this method. 
This requires an extension of (68f), but determining the required ladders 
and coefficients, in the absence of some analytical guidance, is extremely 
tedious. Because of the slightly simpler equations, this extension did prove 
to be practical for the base p, to be discussed in the next section. 
I Note added in proof: These equations have now been extended to n = 6 
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12. POLYLOGARITHMIC LADDERS FOR ORDERS n>5 
As mentioned earlier, no functional equations are known, so any results 
at the present time are necessarily of the inaccessible kind. What is 
necessary is the production of at least two ladders of order 5 so that the 
((5) term can be cancelled out. This leaves a ladder structure that can be 
extended to order 6 without exhibiting a ((5) term. At the moment it is a 
conjecture that this step is necessary, though it may certainly turn out to be 
insufficient. For example, the five analytical ladders of order 3 for 8, in 
(68), give rise to only two ladders for the fourth order, in (71), so that a 
mere mutual elimination of the ((3) term there is not sufficient; something 
further, and as yet undetermined, is needed. This is provided automatically 
when the derivation is analytical, but has to be sought on an ad hoc basis 
when putting the pieces together numerically. 
It so happens that for the base p = +(J’? - 1) the resulting formulas go 
together in a simple enough manner to permit the needed guessing to 
remain within bounds. The analytical ladders of indices 2 and 6 were dis- 
cussed in Sections 9.1 and 10.1; they do not extend beyond orders 3 and 4, 
respectively. There is, however, just one analytical ladder of index 12, 
obtained for n < 5. From (14) to (17) there is deduced 
L,(12, p)=v- -kM2) 3 11 13 -7+--T---+-- Li,(#) Li,(p4) Li,($) 1og”p 
2 6”- 4”- 48 2”- 48 n! 
l(2) log” - 2p + 191(4) log” -4p --~ -~ 
48 (n-2)! 1728 (n-4)! 
(75) 
A dilogarithmic ladder of index 20, inaccessible from (14), was found by 
Coxter [15] from consideration of a certain series associated with the 
dilogarithmic power series. It turns out that this ladder can be extended 
well beyond the dilogarithm. The direct extension to n = 3 requires, as 
determined by numerical computation, a term [(3)/10; but this can be 
eliminated on using (38) which contains a like term 1(3)/5. The resulting 
equation then extends directly to n = 4, with a determination of 178/203 as 
the required coefficient of c(4). The ensuing ladder can be written 
LLW”) 
LW, PI =20”-‘- 
i 
LL(p’“) Lin(p4) 1 Li,(p2) 
10”-1+34”-1-52”-’ (76) 
+ilog”p ((2) logHP2p 178 log” -4p 
2 n! ----+7-j(4) (n-4)! 25 (n-2)! 20 
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for which 
~,(20, P) = ~,(20, p) = Jwo, p) = 0; L,(20, p) = (201/104) l(5). (77) 
The coefficient 201/104 was determined numerically to eleven decimals. The 
fact that 201 is three times the 67 appearing in (75) suggested a direct 
elimination of the ((5) term. Defining a second-degree ladder by 
Lk2’(20, p) = 3.205 L,(20, p) - 80.12’L,( 12, p) (78) 
immediately led to the numerical determinations 
LL2)(20, p) = 0, 1<<<5, 
=y 1((j), n = 6, 
=?<(6)logp+2166[(7), n= 7. (79) 
In anticipation, it may be noted that 2166 = 6 x 192. To make progress 
beyond this point requires a further ladder. Such a formula, of index 24, 
was discovered analytically by Phillips [ 161, although it, too, is 
inaccessible from (14). The direct extension to n = 3 requires a numerically 
determined term 415(3)/24*, and again the c(3) term is eliminated via (38). 
The resulting ladder then extends in the same way as did the index-20 
structure. Define 
LL(p24) 
~~(24% P)=~- 
4 Li,(p”) 2Li,(p*) 7 Li,(p4) 
---T+T---i- 3 12”- 8”- 3 4”- 
+E Li,(p2) 179 1og”p + 5[(2) logHp2p 629 log” - 4p 
5762”-‘---?- 24 n! ---,i(4)(,4)! 192 (n-2)! 3.24 
(80) 
Then 
~~(24, PI = 0, 1 <nd4, 
= -$1(5), n = 5. 
The numerically determined 4623 equals 67 x 69, suggesting elimination of 
c(5) via (75), where the numeric 67 also occurs. 
Defining a second-degree ladder of index 24 by 
L;*)(24, p) = f . 245L,(24, p) + 23. 125L,( 12, p) (82) 
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leads to the numerical determinations 
Q2'(24, p)=O, 1<?2<5, 
= 9 [(fj), n = 6, 
=?[(6)logp- n = 7. (83) 
It may be remarked that 47291 = 131 x 192, easing elimination of ((7) with 
(79). 
To achieve the next “compaction” phase, define 
Lt3'(24 p)= 131 n ) 
[ 
I,'?'(20 p)- ?1 2 ys c(6)] 
+288 L;*)(24, p)+ 
c 
7ls j(6) 
Then it is found by numerical computation that 
1. (84) 
LL3'(24, p)=O, lGn67, 
= 94327 g 1(8)/48, n=8 
= 
94327(41/75) i(8) log p + 797434(233/250) 
48 432 
l(9), n=9. (8.5) 
With these large numbers single precision computation was quite inade- 
quate, and double precision had to be used. The coefficient of 1(9)/432 
actually produced by the computer was 797434 .93 199999999999829.... A 
finite numerical computation, of course, can never produce an irrational 
number. The chances that these decimals, with the long string of nines, are 
really the front end of an irrational number are minute; and it can be safely 
assumed that the non-integral part is 932/1000 precisely. The calculation 
incidentally provides confirmation of the correctness of the earlier com- 
putations, since if any of these were incorrect or wrongly interpreted it 
would foul up the entire expression. It may be noted that (85) and the 
preceeding equations involve polylogarithms of p2 = +(3 - $) only, so 
that the results could be expressed as ladders of p2 = p2, and halved indices. 
Although (79) (83), and (85) are almost the only results known for 
n > 5, there are some prospects that further results can be obtained with o, 
9, and other bases. What is needed is at least two ladders at n = 5, and the 
known existence of some inaccessible lower order results is a hopeful 
indication. The difficulty stems from having to come up with the coef- 
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ticients C, in ( 11) for second-degree ladders. When several possible indices 
are needed and the C, involve large numbers the current exploratory 
process becomes slow and inefficient. The method succeeded so well with p. 
in part because only three indices were involved, and initially these com- 
bined simply in pairs. The triple combination at n = 8 came from combin- 
ing these already-determined pairs, so that at each stage only a single 
rational had to be determined. The much larger numbers of indices for 0 
and w, and the more complicated second-degree ladder combinations of 
(68) and (71) suggest that these bases will not be so simple to manage. The 
only interesting results at the time of writing is for w, where the three 
(analytic) results available at n = 5 have been combined in a ratio that 
extends the resulting second-degree ladder to n = 6. Three inaccessible lad- 
ders have also been obtained, with a total of four valid ladders at n = 7, 
and two at n=8. 
13. POLYNOMIAL RELATIONS FOR LADDERS 
As mentioned earlier Bombieri [13] proved that there were no algebraic 
polynomial relations between polylogarithms with the base in a certain 
range, but such relations did exist, for even orders, of bases 2 1, simply by 
mutually eliminating powers of 7t2 occurring in the expressions for [(2n). A 
slightly more involved elimination of both rt* and the logarithm of the base 
enables the formulation of a polynomial relation with rational coefficients 
for the polylogarithmic parts of ladders. The method requires ladders with 
[(2n + 1) terms absent. An illustration comes from (52) for L,(6, p). If we 
denote the polylogarithmic parts of this ladder by L,(p), eliminate rr2 
between the ladders for n = 2, 3, 4, and write ~~=log’p/8l,(p) then it is 
found that 
4y3-4,v2+y-A=O, A = L:(P )/8L:(p 1 
(86) 
19y’- 14+V-B=O, B= CUPW%P)I -% 
The eliminant, which can be further simplified if desired, can be put in 
determinant form as 
0 0 19 -14 -B 
0 19 -14 -B 0 
19 -14 -B 0 0 
0 4 -4 1 -A 
4 -4 1 -A 0 
= 0. (87) 
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A closely similar calculation for the base 6 = 4 comes from (61), and gives 
0 0 225 -51 -B’ 
0 225 -51 -B’ 0 
225 51 -B’ 0 0 =o (88) 
0 200 -60 9 -A’ 
200 -60 f -A’ 0 
where A’ = L:(6)/8Li(6), B’ = [L,(S)/2Lz(6)] - 3. It is surprising how 
close the expressions are for A, B and A’, B’. Many other relations for 
other bases can be obtained in the same way. 
14. CONCLUSIONS 
The existence of ladder structures independent of order is a surprising 
property, and coupling with the cyclotomic equation for the base has 
enabled the construction of many ladders which seem to be quite 
inaccessible from the functional equations. Their extension to higher 
orders-as far as n = 9 for at least one base-is still more astonishing in 
view of Wechsung’s proof that no equations of Kummer’s type exist for 
n > 5. The existence of so many results, proved numerically, but currently 
lacking an analytical derivation, is something of a mathematical challenge. 
It could possibly point to the existence of equations of a different character 
than Kummer’s, and available up to at least the ninth order. Possibly it 
could be only a single-variable equation-this would be sufficient to exhibit 
numerical sequences-but this is purely speculative. The very large number 
of individual terms implicit in (84) for Lb3)(p) indicates that the formula, if 
and when found, is not likely to be particularly simple. The more than 35 
distinct terms in (17) for Li, is a further indication of the likelihood of a 
complicated formula. In view of the fact that the starting point for (77) is a 
result inaccessible from Abel’s equation, maybe a suitable place to begin is 
with the simpler dilogarithm. One could also ponder as to whether these 
numerical results would have been forthcoming before the advent of 
current high speed digital computers! 
Several useful procedural rules have emerged, including the observation 
of decoupling between even and odd order equations, and a process for re- 
coupling them via elimination of the odd-order zeta-functions. 
Note added in proof Further investigation to bc reported elsewhere, have shown that 
o-ladders, including that of index 24, can be combined and extended to the sixth order; and 
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that w-ladders, including that of index 42, can be combined and extended to at least the 
eighth order. A new class of single-variable functional equations has enabled a few of the 
formerly inaccessible numerical formulas to now be derived analytically. 
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